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Step 2: Encoding of INN to MILP

Motivation Neural Network (NN)

Abstraction based Analysis

Experimental Evaluation Conclusion & Future Works

Output Range Analysis Problem

Step 1: Abstraction of NN to INN

✤ Classical  control  design  methodologies  fall  short  for  the  design  of  novel 
functionalities, such as, to provide autonomy in ground and aerial vehicles

✤ Traditional feedback controllers are replaced by learning based components such as 
artificial neural networks
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x(t+ 1) = f(x(t), u(t))
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✤ A neural network with 4 layers
✤ An input layer,  two hidden 

layers and an output layer
✤ Weights on edges connecting 

consecutive  layers,  and 
biases on nodes
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<latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit>
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<latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit>

1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
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<latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit>

1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
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<latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit>

s1,1
<latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXBdxlOEIjuEUMFxCA26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit><latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXBdxlOEIjuEUMFxCA26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit><latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXBdxlOEIjuEUMFxCA26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit><latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXBdxlOEIjuEUMFxCA26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit>

s1,2
<latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit>

s0,1
<latexit sha1_base64="3XMRF2S8XyXAwe+4fr0ajdXzzHU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5RECnosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMu/Cn7nuoFL1at4caJX4BalCgeag8tUfxiQVVBrCsdY930tMkGFlGOF05vZTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdRE10HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzPKQ/CXX14l7cua79X8+3q1cVPEUYYTOIVz8OEKGnAHTWgBAQHP8ApvjnJenHfnY9FacoqZY/gD5/MHDnKPPw==</latexit><latexit sha1_base64="3XMRF2S8XyXAwe+4fr0ajdXzzHU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5RECnosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMu/Cn7nuoFL1at4caJX4BalCgeag8tUfxiQVVBrCsdY930tMkGFlGOF05vZTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdRE10HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzPKQ/CXX14l7cua79X8+3q1cVPEUYYTOIVz8OEKGnAHTWgBAQHP8ApvjnJenHfnY9FacoqZY/gD5/MHDnKPPw==</latexit><latexit sha1_base64="3XMRF2S8XyXAwe+4fr0ajdXzzHU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5RECnosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMu/Cn7nuoFL1at4caJX4BalCgeag8tUfxiQVVBrCsdY930tMkGFlGOF05vZTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdRE10HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzPKQ/CXX14l7cua79X8+3q1cVPEUYYTOIVz8OEKGnAHTWgBAQHP8ApvjnJenHfnY9FacoqZY/gD5/MHDnKPPw==</latexit><latexit sha1_base64="3XMRF2S8XyXAwe+4fr0ajdXzzHU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5RECnosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMu/Cn7nuoFL1at4caJX4BalCgeag8tUfxiQVVBrCsdY930tMkGFlGOF05vZTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdRE10HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzPKQ/CXX14l7cua79X8+3q1cVPEUYYTOIVz8OEKGnAHTWgBAQHP8ApvjnJenHfnY9FacoqZY/gD5/MHDnKPPw==</latexit>

s2,1
<latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1
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✤ Neural  network  controlled  physical 
systems  operate  in  safety  critical 
environments 

✤ Need to provide rigorous guarantees 
on the functioning of these systems

✤ Safety  is  an  important  specification 
that stipulates that every execution of 
the systems is error free

✤ E.g.  the  autonomous vehicle  always 
remains within the lane

Input layer Hidden layers Output layer

Weight
Bias

✤ Semantics captures input output valuations
✤ The value at  a  node is  obtained by the sum bias  at  the  node and sum of  the 

products of the weights and the values at the source of the incoming edges 

V (s1,3) = V (s0,1) ⇤ 3 + V (s0,2) ⇤ 6 + 21
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✤ The crux of safety analysis lies in computing the reachable set, that is, the set of all 
outputs values given a set of input values

Given a neural network T , and a set of values I for the input layer, compute a
range of values [vmin, vmax] for the corresponding values of an output node.
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✤ Current approaches: 
✤ MILP based encoding (Sherlock), satisfiability modulo solvers (Reluplex)

✤ Challenges:
✤ Scalability with respect to the network size
✤ MILP/SMT solving is expensive, and size of the constraints is proportional to the 

size fo the network

✤ Abstraction:  Construct  a  smaller  “interval  neural  network”  (INN)  that  over-
approximates the behavior of a given network

✤ INN output range analysis: Extend the MILP encoding to compute the output range

Interval Neural Network (INN)

✤ Extends a neural network with 
“interval” weights and biases

✤ The  value  at  a  node  is 
computed  as  before  by 
choosing  some  value  for 
weight  and  biases  from  their 
corresponding intervalsV (s1,1, s1,2) = V (s0,1) ⇤ 1.5 + V (s0,2) ⇤ 4.5 + 19.5
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✤ Partition nodes of a layer and merge
✤ Approximate weights and bias by intervals
✤ First try: Take interval hull of the weights 

of edges (biases) being merged

Concrete System

Abstract System

✤ Fix:  Scale  the  interval  by  a  factor 
which is  the number of  nodes being 
merged in the source  

✤ Can be interpreted as a left abstraction 
with  scaling  followed  by  a  right 
abstraction without scaling

Left Abstraction Right Abstraction

Input: 1
Output: 1
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✤ Evaluation  on  a  ACAS  Xu  benchmark  with  6  hidden 
layers and 50 neurons in each layer 

✤ Abstraction, encoding and MILP solving times increase 
and precision decreases with the increase in the number 
of abstract nodes

✤ The  times  and  precision  have  vary  based  on  the 
partitioning of the nodes for a fixed number of abstract 
nodes

✤ Future Works:
✤ Exploring  different  partitioning  strategies  for  the  abstraction  with  the  aim  of 

obtaining precise output ranges
✤ Consider more complex activation functions 
✤ Analyzing the  interval  version of  the  neural  network for  these  new activation 

functions

✤ Conclusion:
✤ Our experimental results demonstrate the usefulness of abstraction procedure to 

compute the output range of the neural network 
✤ It  shows  the  trade-off  between  the  precision  of  the  output  range  and  the 

computation time
✤ The precision of the output range is affected by the specific choice of the partition 

of the concrete nodes even for a fixed number of abstract nodes

Big-M encoding for NN

Si
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<latexit sha1_base64="OykSJn1ZUxljRfFdeMFYv0sCNCA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpIeyLvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AT8MjcI=</latexit><latexit sha1_base64="OykSJn1ZUxljRfFdeMFYv0sCNCA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpIeyLvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AT8MjcI=</latexit><latexit sha1_base64="OykSJn1ZUxljRfFdeMFYv0sCNCA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpIeyLvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AT8MjcI=</latexit><latexit sha1_base64="OykSJn1ZUxljRfFdeMFYv0sCNCA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpIeyLvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AT8MjcI=</latexit>

Extension of the encoding to INN

P
s2Si

Wi(s, s0)xs + bi(s0)  xs0
<latexit sha1_base64="zktHXEMxc0V7FbOhSiLBqzBFdbw=">AAACIHicbZDLTgIxFIY7XhFvqEs3jWDAaMgMG1wS3bjEKJeEIZNOKdDQ6Yw9HSOZ8ChufBU3LjRGd/o0lstCwT9p8vc756Q9vx8JDtq2v6yl5ZXVtfXURnpza3tnN7O3X4cwVpTVaChC1fQJMMElq2muBWtGipHAF6zhDy7H9cY9U8BDeauHEWsHpCd5l1OiDfIy5ZwLceAlgF0u8Y3HR7jh8QKcYcif4AcP8Cn2x8DcXMHuDEogP8p5maxdtCfCi8aZmSyaqeplPt1OSOOASU0FAWg5dqTbCVGaU8FGaTcGFhE6ID3WMlaSgEE7mSw4wseGdHA3VOZIjSf090RCAoBh4JvOgOg+zNfG8L9aK9bd83bCZRRrJun0oW4ssA7xOC3c4YpRLYbGEKq4+SumfaII1SbTtAnBmV950dRLRccuOtelbOViFkcKHaIjVEAOKqMKukJVVEMUPaJn9IrerCfrxXq3PqatS9Zs5gD9kfX9A8jpoDo=</latexit><latexit sha1_base64="zktHXEMxc0V7FbOhSiLBqzBFdbw=">AAACIHicbZDLTgIxFIY7XhFvqEs3jWDAaMgMG1wS3bjEKJeEIZNOKdDQ6Yw9HSOZ8ChufBU3LjRGd/o0lstCwT9p8vc756Q9vx8JDtq2v6yl5ZXVtfXURnpza3tnN7O3X4cwVpTVaChC1fQJMMElq2muBWtGipHAF6zhDy7H9cY9U8BDeauHEWsHpCd5l1OiDfIy5ZwLceAlgF0u8Y3HR7jh8QKcYcif4AcP8Cn2x8DcXMHuDEogP8p5maxdtCfCi8aZmSyaqeplPt1OSOOASU0FAWg5dqTbCVGaU8FGaTcGFhE6ID3WMlaSgEE7mSw4wseGdHA3VOZIjSf090RCAoBh4JvOgOg+zNfG8L9aK9bd83bCZRRrJun0oW4ssA7xOC3c4YpRLYbGEKq4+SumfaII1SbTtAnBmV950dRLRccuOtelbOViFkcKHaIjVEAOKqMKukJVVEMUPaJn9IrerCfrxXq3PqatS9Zs5gD9kfX9A8jpoDo=</latexit><latexit sha1_base64="zktHXEMxc0V7FbOhSiLBqzBFdbw=">AAACIHicbZDLTgIxFIY7XhFvqEs3jWDAaMgMG1wS3bjEKJeEIZNOKdDQ6Yw9HSOZ8ChufBU3LjRGd/o0lstCwT9p8vc756Q9vx8JDtq2v6yl5ZXVtfXURnpza3tnN7O3X4cwVpTVaChC1fQJMMElq2muBWtGipHAF6zhDy7H9cY9U8BDeauHEWsHpCd5l1OiDfIy5ZwLceAlgF0u8Y3HR7jh8QKcYcif4AcP8Cn2x8DcXMHuDEogP8p5maxdtCfCi8aZmSyaqeplPt1OSOOASU0FAWg5dqTbCVGaU8FGaTcGFhE6ID3WMlaSgEE7mSw4wseGdHA3VOZIjSf090RCAoBh4JvOgOg+zNfG8L9aK9bd83bCZRRrJun0oW4ssA7xOC3c4YpRLYbGEKq4+SumfaII1SbTtAnBmV950dRLRccuOtelbOViFkcKHaIjVEAOKqMKukJVVEMUPaJn9IrerCfrxXq3PqatS9Zs5gD9kfX9A8jpoDo=</latexit><latexit sha1_base64="zktHXEMxc0V7FbOhSiLBqzBFdbw=">AAACIHicbZDLTgIxFIY7XhFvqEs3jWDAaMgMG1wS3bjEKJeEIZNOKdDQ6Yw9HSOZ8ChufBU3LjRGd/o0lstCwT9p8vc756Q9vx8JDtq2v6yl5ZXVtfXURnpza3tnN7O3X4cwVpTVaChC1fQJMMElq2muBWtGipHAF6zhDy7H9cY9U8BDeauHEWsHpCd5l1OiDfIy5ZwLceAlgF0u8Y3HR7jh8QKcYcif4AcP8Cn2x8DcXMHuDEogP8p5maxdtCfCi8aZmSyaqeplPt1OSOOASU0FAWg5dqTbCVGaU8FGaTcGFhE6ID3WMlaSgEE7mSw4wseGdHA3VOZIjSf090RCAoBh4JvOgOg+zNfG8L9aK9bd83bCZRRrJun0oW4ssA7xOC3c4YpRLYbGEKq4+SumfaII1SbTtAnBmV950dRLRccuOtelbOViFkcKHaIjVEAOKqMKukJVVEMUPaJn9IrerCfrxXq3PqatS9Zs5gD9kfX9A8jpoDo=</latexit>P

s2Si
Wi(s, s0)xs + bi(s0) +Mqs0 � xs0

<latexit sha1_base64="Hm71YjQM4yXpxJdtNxtMGiBSk1E="></latexit><latexit sha1_base64="Hm71YjQM4yXpxJdtNxtMGiBSk1E="></latexit><latexit sha1_base64="Hm71YjQM4yXpxJdtNxtMGiBSk1E="></latexit><latexit sha1_base64="Hm71YjQM4yXpxJdtNxtMGiBSk1E="></latexit>

0  xs0 , M(1� qs0) � xs0
<latexit sha1_base64="uFcDc3u3T9C7uDCxeHdE4BLTghg=">AAACFXicbVDLSsNAFJ3UV62vqEs3g61YoZakG10W3bgRKtgHNCFMppN26OTRmYlYQn/Cjb/ixoUibgV3/o3TNKC2Hrhw5px7mXuPGzEqpGF8abml5ZXVtfx6YWNza3tH391riTDmmDRxyELecZEgjAakKalkpBNxgnyXkbY7vJz67TvCBQ2DWzmOiO2jfkA9ipFUkqNXSga0GBnBeycRx5NSBZauyyY8haP0fQKt/o/p6EWjaqSAi8TMSBFkaDj6p9ULceyTQGKGhOiaRiTtBHFJMSOTghULEiE8RH3SVTRAPhF2kl41gUdK6UEv5KoCCVP190SCfCHGvqs6fSQHYt6biv953Vh653ZCgyiWJMCzj7yYQRnCaUSwRznBko0VQZhTtSvEA8QRlirIggrBnD95kbRqVdOomje1Yv0iiyMPDsAhKAMTnIE6uAIN0AQYPIAn8AJetUftWXvT3metOS2b2Qd/oH18A/fSm5Q=</latexit><latexit sha1_base64="uFcDc3u3T9C7uDCxeHdE4BLTghg=">AAACFXicbVDLSsNAFJ3UV62vqEs3g61YoZakG10W3bgRKtgHNCFMppN26OTRmYlYQn/Cjb/ixoUibgV3/o3TNKC2Hrhw5px7mXuPGzEqpGF8abml5ZXVtfx6YWNza3tH391riTDmmDRxyELecZEgjAakKalkpBNxgnyXkbY7vJz67TvCBQ2DWzmOiO2jfkA9ipFUkqNXSga0GBnBeycRx5NSBZauyyY8haP0fQKt/o/p6EWjaqSAi8TMSBFkaDj6p9ULceyTQGKGhOiaRiTtBHFJMSOTghULEiE8RH3SVTRAPhF2kl41gUdK6UEv5KoCCVP190SCfCHGvqs6fSQHYt6biv953Vh653ZCgyiWJMCzj7yYQRnCaUSwRznBko0VQZhTtSvEA8QRlirIggrBnD95kbRqVdOomje1Yv0iiyMPDsAhKAMTnIE6uAIN0AQYPIAn8AJetUftWXvT3metOS2b2Qd/oH18A/fSm5Q=</latexit><latexit sha1_base64="uFcDc3u3T9C7uDCxeHdE4BLTghg=">AAACFXicbVDLSsNAFJ3UV62vqEs3g61YoZakG10W3bgRKtgHNCFMppN26OTRmYlYQn/Cjb/ixoUibgV3/o3TNKC2Hrhw5px7mXuPGzEqpGF8abml5ZXVtfx6YWNza3tH391riTDmmDRxyELecZEgjAakKalkpBNxgnyXkbY7vJz67TvCBQ2DWzmOiO2jfkA9ipFUkqNXSga0GBnBeycRx5NSBZauyyY8haP0fQKt/o/p6EWjaqSAi8TMSBFkaDj6p9ULceyTQGKGhOiaRiTtBHFJMSOTghULEiE8RH3SVTRAPhF2kl41gUdK6UEv5KoCCVP190SCfCHGvqs6fSQHYt6biv953Vh653ZCgyiWJMCzj7yYQRnCaUSwRznBko0VQZhTtSvEA8QRlirIggrBnD95kbRqVdOomje1Yv0iiyMPDsAhKAMTnIE6uAIN0AQYPIAn8AJetUftWXvT3metOS2b2Qd/oH18A/fSm5Q=</latexit><latexit sha1_base64="uFcDc3u3T9C7uDCxeHdE4BLTghg=">AAACFXicbVDLSsNAFJ3UV62vqEs3g61YoZakG10W3bgRKtgHNCFMppN26OTRmYlYQn/Cjb/ixoUibgV3/o3TNKC2Hrhw5px7mXuPGzEqpGF8abml5ZXVtfx6YWNza3tH391riTDmmDRxyELecZEgjAakKalkpBNxgnyXkbY7vJz67TvCBQ2DWzmOiO2jfkA9ipFUkqNXSga0GBnBeycRx5NSBZauyyY8haP0fQKt/o/p6EWjaqSAi8TMSBFkaDj6p9ULceyTQGKGhOiaRiTtBHFJMSOTghULEiE8RH3SVTRAPhF2kl41gUdK6UEv5KoCCVP190SCfCHGvqs6fSQHYt6biv953Vh653ZCgyiWJMCzj7yYQRnCaUSwRznBko0VQZhTtSvEA8QRlirIggrBnD95kbRqVdOomje1Yv0iiyMPDsAhKAMTnIE6uAIN0AQYPIAn8AJetUftWXvT3metOS2b2Qd/oH18A/fSm5Q=</latexit>

✤ Need to add constraints on weights and 
biases

✤ Leads to non-linear constraints since Wi 
and bi are now variables

bli  bi  bui
<latexit sha1_base64="/YP6vFpn/mOZv6NkHA+UZXny/A4=">AAACBHicbZC7TsMwFIadcivlFmDsYtEiMVVJFxgrWBiLRC9Sm0aOe9JadZxgO0hV1IGFV2FhACFWHoKNt8G9CEHLL1n69J9zdHz+IOFMacf5snJr6xubW/ntws7u3v6BfXjUVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHoalpv3YNULBa3epyAF5GBYCGjRBvLt4vlwGc9jrsc7rDBH+ilZd8uORVnJrwK7gJKaKG6b392+zFNIxCacqJUx3US7WVEakY5TArdVEFC6IgMoGNQkAiUl82OmOBT4/RxGEvzhMYz9/dERiKlxlFgOiOih2q5NjX/q3VSHV54GRNJqkHQ+aIw5VjHeJoI7jMJVPOxAUIlM3/FdEgkodrkVjAhuMsnr0KzWnGdintTLdUuF3HkURGdoDPkonNUQ9eojhqIogf0hF7Qq/VoPVtv1vu8NWctZo7RH1kf37RgltY=</latexit><latexit sha1_base64="/YP6vFpn/mOZv6NkHA+UZXny/A4=">AAACBHicbZC7TsMwFIadcivlFmDsYtEiMVVJFxgrWBiLRC9Sm0aOe9JadZxgO0hV1IGFV2FhACFWHoKNt8G9CEHLL1n69J9zdHz+IOFMacf5snJr6xubW/ntws7u3v6BfXjUVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHoalpv3YNULBa3epyAF5GBYCGjRBvLt4vlwGc9jrsc7rDBH+ilZd8uORVnJrwK7gJKaKG6b392+zFNIxCacqJUx3US7WVEakY5TArdVEFC6IgMoGNQkAiUl82OmOBT4/RxGEvzhMYz9/dERiKlxlFgOiOih2q5NjX/q3VSHV54GRNJqkHQ+aIw5VjHeJoI7jMJVPOxAUIlM3/FdEgkodrkVjAhuMsnr0KzWnGdintTLdUuF3HkURGdoDPkonNUQ9eojhqIogf0hF7Qq/VoPVtv1vu8NWctZo7RH1kf37RgltY=</latexit><latexit sha1_base64="/YP6vFpn/mOZv6NkHA+UZXny/A4=">AAACBHicbZC7TsMwFIadcivlFmDsYtEiMVVJFxgrWBiLRC9Sm0aOe9JadZxgO0hV1IGFV2FhACFWHoKNt8G9CEHLL1n69J9zdHz+IOFMacf5snJr6xubW/ntws7u3v6BfXjUVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHoalpv3YNULBa3epyAF5GBYCGjRBvLt4vlwGc9jrsc7rDBH+ilZd8uORVnJrwK7gJKaKG6b392+zFNIxCacqJUx3US7WVEakY5TArdVEFC6IgMoGNQkAiUl82OmOBT4/RxGEvzhMYz9/dERiKlxlFgOiOih2q5NjX/q3VSHV54GRNJqkHQ+aIw5VjHeJoI7jMJVPOxAUIlM3/FdEgkodrkVjAhuMsnr0KzWnGdintTLdUuF3HkURGdoDPkonNUQ9eojhqIogf0hF7Qq/VoPVtv1vu8NWctZo7RH1kf37RgltY=</latexit><latexit sha1_base64="/YP6vFpn/mOZv6NkHA+UZXny/A4=">AAACBHicbZC7TsMwFIadcivlFmDsYtEiMVVJFxgrWBiLRC9Sm0aOe9JadZxgO0hV1IGFV2FhACFWHoKNt8G9CEHLL1n69J9zdHz+IOFMacf5snJr6xubW/ntws7u3v6BfXjUVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHoalpv3YNULBa3epyAF5GBYCGjRBvLt4vlwGc9jrsc7rDBH+ilZd8uORVnJrwK7gJKaKG6b392+zFNIxCacqJUx3US7WVEakY5TArdVEFC6IgMoGNQkAiUl82OmOBT4/RxGEvzhMYz9/dERiKlxlFgOiOih2q5NjX/q3VSHV54GRNJqkHQ+aIw5VjHeJoI7jMJVPOxAUIlM3/FdEgkodrkVjAhuMsnr0KzWnGdintTLdUuF3HkURGdoDPkonNUQ9eojhqIogf0hF7Qq/VoPVtv1vu8NWctZo7RH1kf37RgltY=</latexit>

W l
i  Wi  Wu

i
<latexit sha1_base64="fULO78BBPpry6YQzNVmiZ5Y69qI=">AAACBHicbZC7TsMwFIadcivlFmDsYtEiMVVJFxgrWBiLRC9Sm0aOe9JadZxgO0hV1YGFV2FhACFWHoKNt8FtIwQtv2Tp03/O0fH5g4QzpR3ny8qtrW9sbuW3Czu7e/sH9uFRU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAWjq1m9dQ9SsVjc6nECXkQGgoWMEm0s3y6WWz7rcdzlcIcN/kAvLft2yak4c+FVcDMooUx13/7s9mOaRiA05USpjusk2psQqRnlMC10UwUJoSMygI5BQSJQ3mR+xBSfGqePw1iaJzSeu78nJiRSahwFpjMieqiWazPzv1on1eGFN2EiSTUIulgUphzrGM8SwX0mgWo+NkCoZOavmA6JJFSb3AomBHf55FVoViuuU3FvqqXaZRZHHhXRCTpDLjpHNXSN6qiBKHpAT+gFvVqP1rP1Zr0vWnNWNnOM/sj6+AaAeJa1</latexit><latexit sha1_base64="fULO78BBPpry6YQzNVmiZ5Y69qI=">AAACBHicbZC7TsMwFIadcivlFmDsYtEiMVVJFxgrWBiLRC9Sm0aOe9JadZxgO0hV1YGFV2FhACFWHoKNt8FtIwQtv2Tp03/O0fH5g4QzpR3ny8qtrW9sbuW3Czu7e/sH9uFRU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAWjq1m9dQ9SsVjc6nECXkQGgoWMEm0s3y6WWz7rcdzlcIcN/kAvLft2yak4c+FVcDMooUx13/7s9mOaRiA05USpjusk2psQqRnlMC10UwUJoSMygI5BQSJQ3mR+xBSfGqePw1iaJzSeu78nJiRSahwFpjMieqiWazPzv1on1eGFN2EiSTUIulgUphzrGM8SwX0mgWo+NkCoZOavmA6JJFSb3AomBHf55FVoViuuU3FvqqXaZRZHHhXRCTpDLjpHNXSN6qiBKHpAT+gFvVqP1rP1Zr0vWnNWNnOM/sj6+AaAeJa1</latexit><latexit sha1_base64="fULO78BBPpry6YQzNVmiZ5Y69qI=">AAACBHicbZC7TsMwFIadcivlFmDsYtEiMVVJFxgrWBiLRC9Sm0aOe9JadZxgO0hV1YGFV2FhACFWHoKNt8FtIwQtv2Tp03/O0fH5g4QzpR3ny8qtrW9sbuW3Czu7e/sH9uFRU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAWjq1m9dQ9SsVjc6nECXkQGgoWMEm0s3y6WWz7rcdzlcIcN/kAvLft2yak4c+FVcDMooUx13/7s9mOaRiA05USpjusk2psQqRnlMC10UwUJoSMygI5BQSJQ3mR+xBSfGqePw1iaJzSeu78nJiRSahwFpjMieqiWazPzv1on1eGFN2EiSTUIulgUphzrGM8SwX0mgWo+NkCoZOavmA6JJFSb3AomBHf55FVoViuuU3FvqqXaZRZHHhXRCTpDLjpHNXSN6qiBKHpAT+gFvVqP1rP1Zr0vWnNWNnOM/sj6+AaAeJa1</latexit><latexit sha1_base64="fULO78BBPpry6YQzNVmiZ5Y69qI=">AAACBHicbZC7TsMwFIadcivlFmDsYtEiMVVJFxgrWBiLRC9Sm0aOe9JadZxgO0hV1YGFV2FhACFWHoKNt8FtIwQtv2Tp03/O0fH5g4QzpR3ny8qtrW9sbuW3Czu7e/sH9uFRU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAWjq1m9dQ9SsVjc6nECXkQGgoWMEm0s3y6WWz7rcdzlcIcN/kAvLft2yak4c+FVcDMooUx13/7s9mOaRiA05USpjusk2psQqRnlMC10UwUJoSMygI5BQSJQ3mR+xBSfGqePw1iaJzSeu78nJiRSahwFpjMieqiWazPzv1on1eGFN2EiSTUIulgUphzrGM8SwX0mgWo+NkCoZOavmA6JJFSb3AomBHf55FVoViuuU3FvqqXaZRZHHhXRCTpDLjpHNXSN6qiBKHpAT+gFvVqP1rP1Zr0vWnNWNnOM/sj6+AaAeJa1</latexit>

xs represents the value at node s
<latexit sha1_base64="op847ekzqczl/1mb1dx21pEDEqE=">AAACD3icbVC7TgJBFJ3FF+ILtbSZCBorskujJdHGEhN5JLAhs8MFJszObmbuEsmGP7DxV2wsNMbW1s6/cXgUCp5kkpNz7pmZe4JYCoOu++1k1tY3Nrey27md3b39g/zhUd1EieZQ45GMdDNgBqRQUEOBEpqxBhYGEhrB8GbqN0agjYjUPY5j8EPWV6InOEMrdfLnxYeOKVINNmVAoaE4ADpiMgHKkKqoC7Roip18wS25M9BV4i1IgSxQ7eS/2t2IJ6G9kktmTMtzY/RTplFwCZNcOzEQMz5kfWhZqlgIxk9n+0zomVW6tBdpexTSmfo7kbLQmHEY2MmQ4cAse1PxP6+VYO/KT4WKEwTF5w/1EkkxotNyaFdo4CjHljCuhf0r5QOmGUdbYc6W4C2vvErq5ZLnlry7cqFyvagjS07IKbkgHrkkFXJLqqRGOHkkz+SVvDlPzovz7nzMRzPOInNM/sD5/AH/g5tW</latexit><latexit sha1_base64="op847ekzqczl/1mb1dx21pEDEqE=">AAACD3icbVC7TgJBFJ3FF+ILtbSZCBorskujJdHGEhN5JLAhs8MFJszObmbuEsmGP7DxV2wsNMbW1s6/cXgUCp5kkpNz7pmZe4JYCoOu++1k1tY3Nrey27md3b39g/zhUd1EieZQ45GMdDNgBqRQUEOBEpqxBhYGEhrB8GbqN0agjYjUPY5j8EPWV6InOEMrdfLnxYeOKVINNmVAoaE4ADpiMgHKkKqoC7Roip18wS25M9BV4i1IgSxQ7eS/2t2IJ6G9kktmTMtzY/RTplFwCZNcOzEQMz5kfWhZqlgIxk9n+0zomVW6tBdpexTSmfo7kbLQmHEY2MmQ4cAse1PxP6+VYO/KT4WKEwTF5w/1EkkxotNyaFdo4CjHljCuhf0r5QOmGUdbYc6W4C2vvErq5ZLnlry7cqFyvagjS07IKbkgHrkkFXJLqqRGOHkkz+SVvDlPzovz7nzMRzPOInNM/sD5/AH/g5tW</latexit><latexit sha1_base64="op847ekzqczl/1mb1dx21pEDEqE=">AAACD3icbVC7TgJBFJ3FF+ILtbSZCBorskujJdHGEhN5JLAhs8MFJszObmbuEsmGP7DxV2wsNMbW1s6/cXgUCp5kkpNz7pmZe4JYCoOu++1k1tY3Nrey27md3b39g/zhUd1EieZQ45GMdDNgBqRQUEOBEpqxBhYGEhrB8GbqN0agjYjUPY5j8EPWV6InOEMrdfLnxYeOKVINNmVAoaE4ADpiMgHKkKqoC7Roip18wS25M9BV4i1IgSxQ7eS/2t2IJ6G9kktmTMtzY/RTplFwCZNcOzEQMz5kfWhZqlgIxk9n+0zomVW6tBdpexTSmfo7kbLQmHEY2MmQ4cAse1PxP6+VYO/KT4WKEwTF5w/1EkkxotNyaFdo4CjHljCuhf0r5QOmGUdbYc6W4C2vvErq5ZLnlry7cqFyvagjS07IKbkgHrkkFXJLqqRGOHkkz+SVvDlPzovz7nzMRzPOInNM/sD5/AH/g5tW</latexit><latexit sha1_base64="op847ekzqczl/1mb1dx21pEDEqE=">AAACD3icbVC7TgJBFJ3FF+ILtbSZCBorskujJdHGEhN5JLAhs8MFJszObmbuEsmGP7DxV2wsNMbW1s6/cXgUCp5kkpNz7pmZe4JYCoOu++1k1tY3Nrey27md3b39g/zhUd1EieZQ45GMdDNgBqRQUEOBEpqxBhYGEhrB8GbqN0agjYjUPY5j8EPWV6InOEMrdfLnxYeOKVINNmVAoaE4ADpiMgHKkKqoC7Roip18wS25M9BV4i1IgSxQ7eS/2t2IJ6G9kktmTMtzY/RTplFwCZNcOzEQMz5kfWhZqlgIxk9n+0zomVW6tBdpexTSmfo7kbLQmHEY2MmQ4cAse1PxP6+VYO/KT4WKEwTF5w/1EkkxotNyaFdo4CjHljCuhf0r5QOmGUdbYc6W4C2vvErq5ZLnlry7cqFyvagjS07IKbkgHrkkFXJLqqRGOHkkz+SVvDlPzovz7nzMRzPOInNM/sD5/AH/g5tW</latexit>

M is the largest value at node s
<latexit sha1_base64="uBnXyHeSyQIdWip0q7gsveUXyZA=">AAACDXicbVA9SwNBEN3zM8avU0ubxZxgFe5stBRtbIQIJhFiCHObSbK4t3fszgkh5A/Y+FdsLBSxtbfz37hJrvDrwcDjvRlm5sWZkpbC8NObm19YXFourZRX19Y3Nv2t7YZNcyOwLlKVmusYLCqpsU6SFF5nBiGJFTbj27OJ37xDY2Wqr2iYYTuBvpY9KYCc1PGD4CLg0nIaIFdg+miJ34HKkQNxnXaRBzbo+JWwGk7B/5KoIBVWoNbxP266qcgT1CQUWNuKwozaIzAkhcJx+Sa3mIG4hT62HNWQoG2Ppt+M+b5TuryXGlea+FT9PjGCxNphErvOBGhgf3sT8T+vlVPvuD2SOssJtZgt6uWKU8on0fCuNChIDR0BYaS7lYsBGBDkAiy7EKLfL/8ljcNqFFajy8PKyWkRR4ntsj12wCJ2xE7YOauxOhPsnj2yZ/biPXhP3qv3Nmud84qZHfYD3vsXeaCZ6A==</latexit><latexit sha1_base64="uBnXyHeSyQIdWip0q7gsveUXyZA=">AAACDXicbVA9SwNBEN3zM8avU0ubxZxgFe5stBRtbIQIJhFiCHObSbK4t3fszgkh5A/Y+FdsLBSxtbfz37hJrvDrwcDjvRlm5sWZkpbC8NObm19YXFourZRX19Y3Nv2t7YZNcyOwLlKVmusYLCqpsU6SFF5nBiGJFTbj27OJ37xDY2Wqr2iYYTuBvpY9KYCc1PGD4CLg0nIaIFdg+miJ34HKkQNxnXaRBzbo+JWwGk7B/5KoIBVWoNbxP266qcgT1CQUWNuKwozaIzAkhcJx+Sa3mIG4hT62HNWQoG2Ppt+M+b5TuryXGlea+FT9PjGCxNphErvOBGhgf3sT8T+vlVPvuD2SOssJtZgt6uWKU8on0fCuNChIDR0BYaS7lYsBGBDkAiy7EKLfL/8ljcNqFFajy8PKyWkRR4ntsj12wCJ2xE7YOauxOhPsnj2yZ/biPXhP3qv3Nmud84qZHfYD3vsXeaCZ6A==</latexit><latexit sha1_base64="uBnXyHeSyQIdWip0q7gsveUXyZA=">AAACDXicbVA9SwNBEN3zM8avU0ubxZxgFe5stBRtbIQIJhFiCHObSbK4t3fszgkh5A/Y+FdsLBSxtbfz37hJrvDrwcDjvRlm5sWZkpbC8NObm19YXFourZRX19Y3Nv2t7YZNcyOwLlKVmusYLCqpsU6SFF5nBiGJFTbj27OJ37xDY2Wqr2iYYTuBvpY9KYCc1PGD4CLg0nIaIFdg+miJ34HKkQNxnXaRBzbo+JWwGk7B/5KoIBVWoNbxP266qcgT1CQUWNuKwozaIzAkhcJx+Sa3mIG4hT62HNWQoG2Ppt+M+b5TuryXGlea+FT9PjGCxNphErvOBGhgf3sT8T+vlVPvuD2SOssJtZgt6uWKU8on0fCuNChIDR0BYaS7lYsBGBDkAiy7EKLfL/8ljcNqFFajy8PKyWkRR4ntsj12wCJ2xE7YOauxOhPsnj2yZ/biPXhP3qv3Nmud84qZHfYD3vsXeaCZ6A==</latexit><latexit sha1_base64="uBnXyHeSyQIdWip0q7gsveUXyZA=">AAACDXicbVA9SwNBEN3zM8avU0ubxZxgFe5stBRtbIQIJhFiCHObSbK4t3fszgkh5A/Y+FdsLBSxtbfz37hJrvDrwcDjvRlm5sWZkpbC8NObm19YXFourZRX19Y3Nv2t7YZNcyOwLlKVmusYLCqpsU6SFF5nBiGJFTbj27OJ37xDY2Wqr2iYYTuBvpY9KYCc1PGD4CLg0nIaIFdg+miJ34HKkQNxnXaRBzbo+JWwGk7B/5KoIBVWoNbxP266qcgT1CQUWNuKwozaIzAkhcJx+Sa3mIG4hT62HNWQoG2Ppt+M+b5TuryXGlea+FT9PjGCxNphErvOBGhgf3sT8T+vlVPvuD2SOssJtZgt6uWKU8on0fCuNChIDR0BYaS7lYsBGBDkAiy7EKLfL/8ljcNqFFajy8PKyWkRR4ntsj12wCJ2xE7YOauxOhPsnj2yZ/biPXhP3qv3Nmud84qZHfYD3vsXeaCZ6A==</latexit>

qs is a Boolean variable for node s
<latexit sha1_base64="kAsnktXNqNQux3blqeqMZjd3tvU=">AAACEXicbVC7TgJBFJ31ifhatbSZCCZWZJdGS4KNJSYCJkDI3eGuTJidWWdmSQjhF2z8FRsLjbG1s/NvHJBCwVOdnHOfJ0oFNzYIvryV1bX1jc3cVn57Z3dv3z84bBiVaYZ1poTStxEYFFxi3XIr8DbVCEkksBkNLqd+c4jacCVv7CjFTgJ3ksecgXVS1z8r3ndNkXJDgVaVEgiSDkFzcANorDSVqoe0aIpdvxCUghnoMgnnpEDmqHX9z3ZPsSxBaZkAY1phkNrOGLTlTOAk384MpsAGcIctRyUkaDrj2UcTeuqU3mx/rKSlM/V3xxgSY0ZJ5CoTsH2z6E3F/7xWZuOLzpjLNLMo2c+iOBPUKjqNh/a4RmbFyBFgmrtbKeuDBmZdiHkXQrj48jJplEthUAqvy4VKdR5HjhyTE3JGQnJOKuSK1EidMPJAnsgLefUevWfvzXv/KV3x5j1H5A+8j2+JvpuP</latexit><latexit sha1_base64="kAsnktXNqNQux3blqeqMZjd3tvU=">AAACEXicbVC7TgJBFJ31ifhatbSZCCZWZJdGS4KNJSYCJkDI3eGuTJidWWdmSQjhF2z8FRsLjbG1s/NvHJBCwVOdnHOfJ0oFNzYIvryV1bX1jc3cVn57Z3dv3z84bBiVaYZ1poTStxEYFFxi3XIr8DbVCEkksBkNLqd+c4jacCVv7CjFTgJ3ksecgXVS1z8r3ndNkXJDgVaVEgiSDkFzcANorDSVqoe0aIpdvxCUghnoMgnnpEDmqHX9z3ZPsSxBaZkAY1phkNrOGLTlTOAk384MpsAGcIctRyUkaDrj2UcTeuqU3mx/rKSlM/V3xxgSY0ZJ5CoTsH2z6E3F/7xWZuOLzpjLNLMo2c+iOBPUKjqNh/a4RmbFyBFgmrtbKeuDBmZdiHkXQrj48jJplEthUAqvy4VKdR5HjhyTE3JGQnJOKuSK1EidMPJAnsgLefUevWfvzXv/KV3x5j1H5A+8j2+JvpuP</latexit><latexit sha1_base64="kAsnktXNqNQux3blqeqMZjd3tvU=">AAACEXicbVC7TgJBFJ31ifhatbSZCCZWZJdGS4KNJSYCJkDI3eGuTJidWWdmSQjhF2z8FRsLjbG1s/NvHJBCwVOdnHOfJ0oFNzYIvryV1bX1jc3cVn57Z3dv3z84bBiVaYZ1poTStxEYFFxi3XIr8DbVCEkksBkNLqd+c4jacCVv7CjFTgJ3ksecgXVS1z8r3ndNkXJDgVaVEgiSDkFzcANorDSVqoe0aIpdvxCUghnoMgnnpEDmqHX9z3ZPsSxBaZkAY1phkNrOGLTlTOAk384MpsAGcIctRyUkaDrj2UcTeuqU3mx/rKSlM/V3xxgSY0ZJ5CoTsH2z6E3F/7xWZuOLzpjLNLMo2c+iOBPUKjqNh/a4RmbFyBFgmrtbKeuDBmZdiHkXQrj48jJplEthUAqvy4VKdR5HjhyTE3JGQnJOKuSK1EidMPJAnsgLefUevWfvzXv/KV3x5j1H5A+8j2+JvpuP</latexit><latexit sha1_base64="kAsnktXNqNQux3blqeqMZjd3tvU=">AAACEXicbVC7TgJBFJ31ifhatbSZCCZWZJdGS4KNJSYCJkDI3eGuTJidWWdmSQjhF2z8FRsLjbG1s/NvHJBCwVOdnHOfJ0oFNzYIvryV1bX1jc3cVn57Z3dv3z84bBiVaYZ1poTStxEYFFxi3XIr8DbVCEkksBkNLqd+c4jacCVv7CjFTgJ3ksecgXVS1z8r3ndNkXJDgVaVEgiSDkFzcANorDSVqoe0aIpdvxCUghnoMgnnpEDmqHX9z3ZPsSxBaZkAY1phkNrOGLTlTOAk384MpsAGcIctRyUkaDrj2UcTeuqU3mx/rKSlM/V3xxgSY0ZJ5CoTsH2z6E3F/7xWZuOLzpjLNLMo2c+iOBPUKjqNh/a4RmbFyBFgmrtbKeuDBmZdiHkXQrj48jJplEthUAqvy4VKdR5HjhyTE3JGQnJOKuSK1EidMPJAnsgLefUevWfvzXv/KV3x5j1H5A+8j2+JvpuP</latexit>

For s0 2 SI+1, constraints C
I+1
s0 :

<latexit sha1_base64="JsDHsOj2vpupoSpRP9R8BwhC6Jw=">AAACGnicbVC7SgNBFJ31GeMramkzmIiCEnZtFCsxINopGhNI1mV2MmuGzM4sM3eFsOQ7bPwVGwtF7MTGv3GSbOHrVIdz7uWee8JEcAOu++lMTE5Nz8wW5orzC4tLy6WV1WujUk1ZnSqhdDMkhgkuWR04CNZMNCNxKFgj7NWGfuOOacOVvIJ+wvyY3EoecUrASkHJO1EaV8wWbnOJL4PsbMcbVHYxVdKAJlyCwZVakJmtwc3YOwxKZbfqjoD/Ei8nZZTjPCi9tzuKpjGTQAUxpuW5CfgZ0cCpYINiOzUsIbRHblnLUkliZvxs9NoAb1qlgyMbMlIS8Ej9vpGR2Jh+HNrJmEDX/PaG4n9eK4XowM+4TFJgko4PRanAoPCwJ9zhmlEQfUsI1dxmxbRLNKFg2yzaErzfL/8l13tVz616F3vlo+O8jgJaRxtoG3loHx2hU3SO6oiie/SIntGL8+A8Oa/O23h0wsl31tAPOB9f826eUw==</latexit><latexit sha1_base64="JsDHsOj2vpupoSpRP9R8BwhC6Jw=">AAACGnicbVC7SgNBFJ31GeMramkzmIiCEnZtFCsxINopGhNI1mV2MmuGzM4sM3eFsOQ7bPwVGwtF7MTGv3GSbOHrVIdz7uWee8JEcAOu++lMTE5Nz8wW5orzC4tLy6WV1WujUk1ZnSqhdDMkhgkuWR04CNZMNCNxKFgj7NWGfuOOacOVvIJ+wvyY3EoecUrASkHJO1EaV8wWbnOJL4PsbMcbVHYxVdKAJlyCwZVakJmtwc3YOwxKZbfqjoD/Ei8nZZTjPCi9tzuKpjGTQAUxpuW5CfgZ0cCpYINiOzUsIbRHblnLUkliZvxs9NoAb1qlgyMbMlIS8Ej9vpGR2Jh+HNrJmEDX/PaG4n9eK4XowM+4TFJgko4PRanAoPCwJ9zhmlEQfUsI1dxmxbRLNKFg2yzaErzfL/8l13tVz616F3vlo+O8jgJaRxtoG3loHx2hU3SO6oiie/SIntGL8+A8Oa/O23h0wsl31tAPOB9f826eUw==</latexit><latexit sha1_base64="JsDHsOj2vpupoSpRP9R8BwhC6Jw=">AAACGnicbVC7SgNBFJ31GeMramkzmIiCEnZtFCsxINopGhNI1mV2MmuGzM4sM3eFsOQ7bPwVGwtF7MTGv3GSbOHrVIdz7uWee8JEcAOu++lMTE5Nz8wW5orzC4tLy6WV1WujUk1ZnSqhdDMkhgkuWR04CNZMNCNxKFgj7NWGfuOOacOVvIJ+wvyY3EoecUrASkHJO1EaV8wWbnOJL4PsbMcbVHYxVdKAJlyCwZVakJmtwc3YOwxKZbfqjoD/Ei8nZZTjPCi9tzuKpjGTQAUxpuW5CfgZ0cCpYINiOzUsIbRHblnLUkliZvxs9NoAb1qlgyMbMlIS8Ej9vpGR2Jh+HNrJmEDX/PaG4n9eK4XowM+4TFJgko4PRanAoPCwJ9zhmlEQfUsI1dxmxbRLNKFg2yzaErzfL/8l13tVz616F3vlo+O8jgJaRxtoG3loHx2hU3SO6oiie/SIntGL8+A8Oa/O23h0wsl31tAPOB9f826eUw==</latexit><latexit sha1_base64="JsDHsOj2vpupoSpRP9R8BwhC6Jw=">AAACGnicbVC7SgNBFJ31GeMramkzmIiCEnZtFCsxINopGhNI1mV2MmuGzM4sM3eFsOQ7bPwVGwtF7MTGv3GSbOHrVIdz7uWee8JEcAOu++lMTE5Nz8wW5orzC4tLy6WV1WujUk1ZnSqhdDMkhgkuWR04CNZMNCNxKFgj7NWGfuOOacOVvIJ+wvyY3EoecUrASkHJO1EaV8wWbnOJL4PsbMcbVHYxVdKAJlyCwZVakJmtwc3YOwxKZbfqjoD/Ei8nZZTjPCi9tzuKpjGTQAUxpuW5CfgZ0cCpYINiOzUsIbRHblnLUkliZvxs9NoAb1qlgyMbMlIS8Ej9vpGR2Jh+HNrJmEDX/PaG4n9eK4XowM+4TFJgko4PRanAoPCwJ9zhmlEQfUsI1dxmxbRLNKFg2yzaErzfL/8l13tVz616F3vlo+O8jgJaRxtoG3loHx2hU3SO6oiie/SIntGL8+A8Oa/O23h0wsl31tAPOB9f826eUw==</latexit>

Observation: Can safety replace Wi and 
bi in the first constraint by WiL and biL, 
the  lower  bounds  on  weights  and 
biases, and in the second constraint by 
WiU  and  biU,  the  upper  bounds  on 
weights and biases


